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A solution is presented for the three dimensional static thermoelastic problem of an absolutely rigid
inclusion (anticrack) in the case when a uniform heat ﬂow is directed along the inclusion plane. By using
the potential method and the Fourier transform technique, the problem is reduced to a system of coupled
two-dimensional singular integral equations for the shear stress jumps across the inclusion. As an illus-
tration, a typical application to the circular anticrack is presented. Explicit expressions for the thermal
stresses in the inclusion plane are obtained and discussed from the point of view of material failure.
 2013 Elsevier Ltd. All rights reserved.1. Introduction was derived in papers by Kaczyn´ski and Kozłowski (2009) and Kac-The investigation of the redistribution of stresses due to the pres-
ence of defects of various types in elastic bodies is of considerable
interest in various engineering applications. Cracks and rigid lamel-
lar inclusions (anticracks) are the two extreme cases of an inhomo-
geneity that result in the severe concentration of stresses and
further affect the behavior of material structures. Many elements
of constructions are operated in high-temperature environments.
In this connection, research on their strength in the presence of
concentrators such as cracks or anticracks has great importance. In
comparison with thermoelastic crack problems in homogeneous
elasticmaterials, the study of rigid inclusion problems is rather lim-
ited, and most investigations in this ﬁeld are mainly focused on
plane problems (see e.g. Sekine, 1987; Lin and Hwu, 1993). Due to
mathematical complexity, the more practical and realistic three-
dimensional problems involving anticracks subjected to thermal
actions seem to remain inadequately treated. Some of the works
related in this ﬁeld can be found in Kit and Khay (1989), Stadnyk
(1994), Podil’chuk (2001), Chaudhuri (2003a,b, 2012).
In this paper, a general method of ﬁnding the thermal stresses
induced by a rigid heat-insulated inclusion embedded in an isotro-
pic elastic space under a uniform heat ﬂow directed parallel to the
inclusion plane is obtained. An analogical solution to the problem
with a heat ﬂow incident perpendicularly on the inclusion planell rights reserved.
+48 22 6257460.
ki).zyn´ski and Monastyrskyy (2009) see also extensive references ci-
ted therein.
2. Formulation and solution of the problem
Let ðxiÞ; i ¼ 1;2;3 be a ﬁxed Cartesian rectangular coordinate
system. Consider an absolutely rigid sheet-like inclusion (anticrack)
occupying a bounded plane area Swith a smooth proﬁle in the plane
Ox1x2 and embedded in an elastic space. Assume that a uniformheat
ﬂow falls on this thermally insulated inclusion in the direction
parallel to its surface, see Fig. 1. Moreover, external mechanical
forces are absent. The material is assumed isotropic and homoge-
neous, and material parameters are independent of temperature.
The governing equations for static uncoupled linear thermo-
elasticity include the equation of equilibrium, the heat conduction
equation and the constitutive relations for stresses and ﬂuxes. In
the absence of body forces and heat sources, the system of these
equations is (Nowacki, 1986)
lui;jj þ ðkþ lÞuj;ji ¼ bT ;i ð1Þ
T ;ii ¼ 0 ð2Þ
rij ¼ kuk;kdij þ lðui;j þ uj;iÞ  bTdij ð3Þ
qi ¼ kT ;i ð4Þ
where ui; T;rij; qi are the displacement, temperature rise, stress and
heat ﬂux ﬁelds, respectively; k, l are the Lamé constants,
Fig. 1. An anticrack in an elastic space under a uniform heat ﬂow parallel to the
inclusion plane.
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sion, k is the thermal conductivity and dij is Kronecker’s delta. Re-
peated indices imply summation and the comma denotes partial
differentiation.
The treatment of the problem will be divided into two parts. In
the ﬁrst part the temperature change T is determined simply as a
linear function of the form
Tðx1; x2; x3Þ ¼ a1x1 þ a2x2; a1 ¼ q0 cos/k ; a2 ¼
q0 sin/
k
ð5Þ
where it is assumed that a uniform heat ﬂow with far ﬁeld constant
intensity q0 is directed at an angle / to the Ox1-axis and parallel to
the plane of the inclusion (Fig. 1).
As easily seen, the function (5) is the solution to Eq. (2) and satis-
ﬁes the required boundary conditions at inﬁnity. Moreover, T ;3 ¼ 0
and therefore the condition that the inclusion is thermally isolated
is also satisﬁed. It indicates that in the thermal problemunder study
with a uniform heat ﬂow in the horizontal direction the presence of
the rigid inclusiondoes not disturb the temperature ﬁeld contrary to
the case for the ﬂow in the vertical direction (see Kaczyn´ski and
Kozłowski, 2009). Thus, in the second part the thermal stress
problem will be arrived at by solving Navier’s equations (1) with T
given by Eq. (5) (treated as the body forces in the case of equilibrium
equations under isothermal conditions), written in the form
lui;jj þ ðkþ lÞuj;ji ¼ bai; i ¼ 1;2
lu3;jj þ ðkþ lÞuj;j3 ¼ 0
ð6Þ
The boundary conditions for this problem are
u1 ¼ e1; u2 ¼ e2; u3 ¼ 0; ðx1; x2; x3 ¼ 0Þ 2 S ð7Þ
rij ! 0 as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1 ð8Þ
Here the unknown small constants e1 and e2 stand for the displace-
ments of the inclusion along the x1 and x2 axes as a rigid whole.
These parameters will be determined in the course of solving the
problem in hand from the equilibrium conditions of zero resultant
forces acting upon the inclusion, expressed by the jumps of contact
stresses denoted by sr3iðx1; x2Þt ¼ r3iðx1; x2;0þÞ  r3iðx1; x2; 0Þ;
i ¼ 1;2 as follows:ZZ
S
sr3iðx1; x2Þtdx1dx2 ¼ 0; i ¼ 1;2 ð9Þ
Owing to the linearity of the system (6), a solution to the ther-
moelastic problem is the sum of a particular solution of nonhomo-
geneous equations (6) and a general solution to the homogeneous
equations (corresponding to the isothermal problem) with the
appropriate boundary conditions. Thus, the displacement ﬁeld is
sought in the formui ¼ uðpÞi þ uðhÞi ð10Þ
From Eqs. (5) and (6) it is clear that the displacements uðpÞi must
be quadratic polynomials in xiði ¼ 1;2;3Þ. The particular solution
to the basic Eq. (6) is found by the method of unknown coefﬁcients
to be
uðpÞ1 ¼
aa1
2
ðx21  x22  x23Þ þ aa2x1x2
uðpÞ2 ¼ 
aa2
2
ðx21  x22 þ x23Þ þ aa1x1x2
uðpÞ3 ¼ aða1x1 þ a2x2Þx3 ¼ aTðx1; x2; x3Þx3
ð11Þ
Moreover, it can be shown that mechanical stresses are zero, i.e.
rðpÞij ¼ 0.
It is noted now that the homogeneous solution ﬁeld of the iso-
thermal problem satisﬁes the equations
luðhÞi;jj þ ðkþ lÞuðhÞj;ji ¼ 0 ð12Þ
In view of relations (11) and (7), the boundary conditions associated
with this problem take the form on the surface of the inclusion S:
uðhÞ1 ¼ 
aa1
2
ðx21  x22Þ  aa2x1x2 þ e1
uðhÞ2 ¼
aa2
2
ðx21  x22Þ  aa1x1x2 þ e2
uðhÞ3 ¼ 0
ð13Þ
Furthermore, we must add the usual regularity conditions of decay-
ing of stresses at inﬁnity and conditions ensuring the uniqueness of
the solution.
Next, we consider the solution to Eq. (12) for displacements uðhÞi
with the boundary displacement conditions (13). In dealing with
this problem, a potential function technique will be used. The sym-
metryof theproblemsuggests thatwecan restrict the analysis to the
upper half-space x3 P 0 with the following boundary conditions:
uðhÞ1 ¼ 
aa1
2
ðx21  x22Þ  aa2x1x2 þ e1; ðx1; x2;0Þ 2 S ð14Þ
uðhÞ2 ¼
aa2
2
ðx21  x22Þ  aa1x1x2 þ e2; ðx1; x2;0Þ 2 S ð15Þ
uðhÞ3 ¼ 0; ðx1; x2;0Þ 2 R2 ð16Þ
rðhÞ31 ¼ rðhÞ32 ¼ 0; ðx1; x2;0Þ 2 R2  S ð17Þ
uðhÞi ¼ O
1
jxj
 
as jxj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1 ð18Þ
To examine the mixed boundary conditions deﬁned by Eqs.
(14)–(18), it is convenient to adopt the general solution to the gov-
erning Eq. (12) in terms of two space harmonic functions
gðx1; x2; x3Þ and hðx1; x2; x3Þ such that (Kaczyn´ski, 1999)
uðhÞ1 ¼ g;3 
kþ l
kþ 3l ðg;11 þ h;12Þx3 ð19Þ
uðhÞ2 ¼ h;3 
kþ l
kþ 3l ðg;12 þ h;22Þx3 ð20Þ
uðhÞ3 ¼ 
kþ l
kþ 3l ðg;13 þ h;23Þx3 ð21Þ
The stresses corresponding to the displacements (19)–(21) are
found to be
rðhÞ31 ¼ c½g;33 þ tðg;2  h;1Þ;2  cðg;113 þ h;123Þx3 ð22Þ
rðhÞ32 ¼ c½h;33  tðg;2  h;1Þ;1  cðg;123 þ h;223Þx3 ð23Þ
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2l2
kþ 3l ðg;13 þ h;23Þ  cðg;133 þ h;233Þx3 ð24Þ
rðhÞ11 ¼
2l
kþ 3l ½ð2kþ 3lÞg;13 þ kh;23  cðg;111 þ h;112Þx3 ð25Þ
rðhÞ22 ¼
2l
kþ 3l ½kg;13 þ ð2kþ 3lÞh;23  cðg;122 þ h;222Þx3 ð26Þ
rðhÞ12 ¼ l g;23 þ h;13 
2ðkþ lÞ
kþ 3l ðg;112 þ h;122Þx3
 
ð27Þ
with
c ¼ 2lðkþ 2lÞ
kþ 3l ; t ¼
kþ l
2ðkþ 2lÞ ð28Þ
The application of Eqs. (14)–(18) leads now to the boundary-va-
lue problem for the determination of two harmonic functions g and
h in the half space x3 P 0 such that their partial derivatives up to
the third order vanish at inﬁnity and satisfy the mixed conditions
on the plane boundary
g;3 ¼ e1  Ax21  2Bx1x2 þ Ax22
h;3 ¼ e2 þ Bx21  2Ax1x2  Bx22
)
ðx1; x2; 0þÞ 2 S ð29Þ
g;33 þ tðg;2  h;1Þ;2 ¼ 0
h;33  tðg;2  h;1Þ;1 ¼ 0
)
ðx1; x2;0þÞ 2 R2  S ð30Þ
in which the coefﬁcients of the quadratic polynomial A;B are de-
ﬁned as
A ¼ aa1
2
¼ aq0 cos/
2k
; B ¼ aa2
2
¼ aq0 sin/
2k
ð31Þ
It is worth noting that the above formulation is an inverse (dual)
formulation to that appearing in skew-symmetrical crack problems
(see Kassir and Sih, 1975).
In order to solve the problem, it is convenient to present the
harmonic potentials g and h as Fourier’s integrals (Sneddon, 1972)
g xð Þ
h xð Þ
 
¼
ZZ
R2
exp ½x3jnj þ ðx1n1 þ x2n2Þ
jnj2
AgðnÞ
AhðnÞ
 
dn1dn2 ð32Þ
where x ¼ ðx1; x2; x3Þ, n ¼ ðn1; n2Þ 2 S, jnj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n21 þ n22
q
, and Ag ;Ah are
unknown functions to be determined.
It is easily seen that
g;3ðxÞ
h;3ðxÞ
 
¼ 
ZZ
R2
exp ½x3jnj þ ðx1n1 þ x2n2Þ
jnj
AgðnÞ
AhðnÞ
 
dn1dn2
ð33Þ
Introducing the following notations (see Eqs. (22), (23) and
(30))
c
ZZ
R2
Agðn1; n2Þ 1
tn22
jnj2
" #
þ Ahðn1; n2Þ
tn1n2
jnj2
( )
exp ½iðx1n1 þ x2n2Þdn1dn2 ¼
rðhÞ31 ðx1; x2Þ ðx1; x2ÞS
0 ðx1; x2ÞR2  S
( ð34Þ
c
ZZ
R2
Ahðn1; n2Þ 1
tn21
jnj2
" #
þ Agðn1; n2Þ
tn1n2
jnj2
( )
exp ½iðx1n1 þ x2n2Þdn1dn2 ¼
rðhÞ32 ðx1; x2Þ ðx1; x2ÞS
0 ðx1; x2ÞR2  S
( ð35Þ
and making use of the inverse Fourier transform theorem, we ﬁnd
that the unknown functions must satisfy the following system:1
jnj2
nj j2  tn22 tn1n2
tn1n2 nj j2  tn21
" #
Agðn1; n2Þ
Ahðn1; n2Þ
 
¼ 1
4p2c
ZZ
s
rðhÞ31 ðg1;g2Þ
rðhÞ32 ðg1;g2Þ
" #
exp ½iðg1n1 þ g2n2Þdg1dg2 ð36Þ
The solution of this system can be obtain as
Agðn1; n2Þ
Ahðn1; n2Þ
 
¼ 1
4p2l
1 tn22
nj j2
tn1n2
nj j2
tn1n2
nj j2 1
tn21
nj j2
2
64
3
75ZZ
s
rðhÞ31 ðg1;g2Þ
rðhÞ32 ðg1;g2Þ
" #
exp½iðg1n1 þ g2n2Þdg1dg2
ð37Þ
Now, we substitute (37) into the representations of displace-
ments given by (33) for x3 ¼ 0 and make use of the following inte-
grals (Erdélyi, 1954)ZZ
R2
exp i½ðx1  g1Þn1 þ ðx2  g2Þn2
jnj dn1 dn2
¼ 2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q ð38Þ
ZZ
R2
exp i½ðx1  g1Þn1 þ ðx2  g2Þn2ðn1Þ2
jnj3
dn1 dn2
¼ 2pðx2  g2Þ
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q 3 ð39Þ
ZZ
R2
exp i½ðx1  g1Þn1 þ ðx2  g2Þn2ðn2Þ2
jnj3
dn1 dn2
¼ 2pðx1  g1Þ
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q 3 ð40Þ
ZZ
R2
exp i½ðx1  g1Þn1 þ ðx2  g2Þn2n1n2
jnj3
dn1 dn2
¼  2pðx1  g1Þðx2  g2Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q 3 ð41Þ
Hence, the displacement boundary conditions (29) of the problem
in hand lead to the pair of simultaneous singular integral equations
for the stresses rðhÞ31 jSþ ;rðhÞ32 jSþ written asZZ
S
rðhÞ31 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q  tZZ
S
rðhÞ31 ðg1;g2Þðx2  g2Þ2dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q 3
þ t
ZZ
S
rðhÞ32 ðg1;g2Þðx1  g1Þðx2  g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q 3
¼ 2pl½e1  Ax21  2Bx1x2 þ Ax22ZZ
S
rðhÞ32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q  tZZ
S
rðhÞ32 ðg1;g2Þðx1  g1Þ2dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q 3
þ t
ZZ
S
rðhÞ31 ðg1;g2Þðx1  g1Þðx2  g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q 3
¼ 2pl½e2  Bx21  2Ax1x2 þ Bx22
ð42Þ
Once the stresses rðhÞ31 ;r
ðhÞ
32 acting on the inclusion side S
þ are
known from the solution of the above integral equations, the
full-space thermal-elastic ﬁeld can be found from the harmonic
2634 A. Kaczyn´ski, B. Monastyrskyy / International Journal of Solids and Structures 50 (2013) 2631–2640potentials g;h determined from relations (32) by virtue of (37). At
this stage, note that their partial derivatives given by (33) can be
expressed as
2plg;3ðxÞ¼
Z Z
S
rðhÞ31 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þðx3Þ2
q
t
Z Z
S
g2r
ðhÞ
31 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þx23
q
2
64
3
75
;2
þtx2
Z Z
S
rðhÞ31 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þx23
q
2
64
3
75;2
þt
Z Z
S
g1r
ðhÞ
32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þx23
q
2
64
3
75
;2
tx1
Z Z
S
rðhÞ32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þx23
q
2
64
3
75
;22plh;3ðxÞ¼
Z Z
S
rðhÞ32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þx23
q
t
Z Z
S
g1r
ðhÞ
32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þx23
q
2
64
3
75
;1
þtx1
Z Z
S
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ð43Þ
It is worth noticing that the governing Eq. (42) have the same
structure as the corresponding equations obtained by Silovanyuk
(1985) and Kaczyn´ski (1999) for the anticrack under mechanical
loadings. Thus, the thermal inclusion problem under study has
been reduced to its mechanical counterpart. For the inclusion of
any shape S it seems reasonable to solve the system (42) by using
analytic-numerical methods (see, for instance, Kit and Khay
(1989)). However, analytical solutions are available, when the anti-
crack is elliptical and the right sides of (42) are polynomials (Rah-
man, 1999). For the sake of simplicity, explicit expressions will be
derived and discussed for the ﬁeld of thermal stress components
acting on the inclusion plane in the next section if S is a circle.
3. Solution to the problem of uniform heat ﬂow in the plane of
circular anticrack
As an example, let us consider the problem with a heat ﬂow
incident parallel to the plane of a circular (penny-shaped) anticrack
S ¼ x1; x2;0ð Þ : r 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
6 a
n o
. As was shown in the previous
section, the solution of this problem is determined by the solution
of integral Eq. (42) which, in this case, allow an exact solution by
using the same line of reasoning as in Rahman (1999).
Let us represent the unknown stresses in the form
rðhÞ31 ðg1;g2Þ ¼
b00a2 þ b20g21 þ b12g1g2 þ b02g22
p2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q
rðhÞ32 ðg1;g2Þ ¼
c00a2 þ c20g21 þ c12g1g2 þ c02g22
p2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q ð44Þwhere the unknown eight coefﬁcients bij; cij remain to be found.
Now we substitute expressions (44) into (42) and denote the
resulting integrals for ðx1; x2Þ 2 S by
Wijðx1; x2Þ ¼ 1p2
ZZ
S
gi1g
j
2dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g1Þ2
q
Aijðx1; x2Þ ¼ 1p2
ZZ
S
ðx1  g1Þ2gi1gj2dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g1Þ2
q 3 ;
Bijðx1; x2Þ ¼ 1p2
ZZ
S
ðx2  g2Þ2gi1gj2dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g1Þ2
q 3 ;
Cijðx1; x2Þ ¼ 1p2
ZZ
S
ðx1  g1Þðx2  g2Þgi1gj2dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g1Þ2
q 3 ;
ð45Þ
Then the Eq. (42) lead to the following relations to determine the
unknown coefﬁcients:
ðW00  tB00Þa2b00 þ ðW20  tB20Þb20 þ ðW11  tB11Þb12
þ ðW02  tB02Þb02 þ tðC00c00a2 þ C20c20 þ C11c12 þ C02c02Þ
¼ 2pl e1  Ax21  2Bx1x2 þ Ax22
 
ðW00  tA00Þa2c00 þ ðW20  tA20Þc20 þ ðW11  tA11Þc12
þ ðW02  tA02Þc02 þ tðC00a2b00 þ C20b20 þ C11b12 þ C02b02Þ
¼ 2plðe2 þ Bx21  2Ax1x2  Bx22Þ ð46Þ
The explicit values for the integrals Wij appearing above are gi-
ven by the following formulas (Fabrikant, 1989):
W00¼1; W10¼12x1; W20¼
1
16
ð4a2þ5x21x22Þ; W11¼
3
8
x1x2;
W12¼ 132x1ð2a
2x21þ9x22Þ; W30¼
1
32
x1ð6a2þ7x213x1x2Þ ð47Þ
whereas expressions for W01;W02;W21;W03 are obtained from the
foregoing expressions by rearrangement of the subscripts. It should
be remarked that all other integrals, viz. Aij, Bij, Cij, are expressed in
terms of Wij as
Aij ¼ ðWiþ1jÞ;1  x1ðWijÞ;1;Bij ¼ ðWijþ1Þ;2  x2ðWijÞ;2;Cij
¼ ðWiþ1jÞ;2  x1ðWijÞ;2 ¼ ðWijþ1Þ;1  x2ðWijÞ;1 ð48Þ
With the aid of (47) and (48), it is found that
W00  tB00 ¼W00  tA00 ¼ 12 ð2 tÞ;
W20  tB20 ¼ 116 ð4 tÞa
2 þ 1
32
ð10 9tÞx21 þ
1
32
ð2 tÞx22;
W02  tA02 ¼ 116 ð4 tÞa
2 þ 1
32
ð2 tÞx21 þ
1
32
ð10 9tÞx22;
W02  tB02 ¼ 116 ð4 3tÞa
2 þ 1
32
ð2þ 3tÞx21 þ
1
32
ð10 tÞx22;
W20  tA20 ¼ 116 ð4 3tÞa
2 þ 1
32
ð10 tÞx21 þ
1
32
ð2þ 3tÞx22;
W11  tB11 ¼W11  tA11 ¼ 116 ð6 3tÞx1x2;
C00 ¼ 0; C20 ¼ C02 ¼  116 x1x2; C11 ¼
1
16
a2  3
32
½x21 þ x22 ð49Þ
Substituting the above relations into (46) and equating the
terms of the same powers of the left and right sides, we obtain a
system of eight linear algebraic equations for the determination
of the unknown coefﬁcients bij; cij written as
Fig. 2. Distribution of normal thermal stress r33 over the inclusion plane.
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b00 ¼  4ple1ð2 tÞa2 
1
8ð2 tÞ ð4 tÞb20 þ ð4 3tÞb02 þ tc12½ 
c00 ¼  4ple2ð2 tÞa2 
1
8ð2 tÞ ð4 3tÞc20 þ ð4 tÞc02 þ tb12½ 
ð50ÞFig. 3. Distribution of normal thermSolving this system gives the following simple result:
b20 ¼ A1 1þ t1 t ¼ A1
5 4m
3 4m ; b02 ¼ A1
2t 1
1 t ¼ A1
2ð1 2mÞ
3 4m ;
c12 ¼ A1 2 t1 t ¼ A1
7 8m
3 4m ;
c20 ¼ B1 2t 11 t ¼ B1
2ð1 2mÞ
3 4m ; c02 ¼ B1
1þ t
1 t ¼ B1
5 4m
3 4m ;
b12 ¼ B1 2 t1 t ¼ B1
7 8m
3 4m ;
b00 ¼  4ple1ð2 tÞa2 
tA1
1 t ; c00 ¼ 
4ple2
ð2 tÞa2 
tB1
1 t
ð51Þ
where m ¼ 1 ð1=4tÞ is Poisson’s ratio of the material and A1,B1 are
the constants given by
A1 ¼ 163 plA ¼
8
3
plaq0 cos/
k
; B1 ¼ 163 plB
¼ 8
3
plaq0 sin/
k
ð52Þ
The solution obtained may now to be used to determine the ri-
gid displacements e1 and e2 from the equilibrium conditions (9)
which yield
b00 þ 13 ðb20 þ b02Þ ¼ 0
c00 þ 13 ðc20 þ c02Þ ¼ 0
ð53Þ
It can be deduced from these relations that
e1 ¼ e2 ¼ 0 ð54Þ
Hence, the shear thermal stresses in the interior of the inclusion gi-
ven by (44) read as
rðhÞ31 ðx1; x2;0þÞ ¼
~b00a2 þ bðx1; x2Þ
p2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x21  x22
q ;
rðhÞ32 ðx1; x2;0þÞ ¼
~c00a2 þ cðx1; x2Þ
p2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x21  x22
q ð55Þal stress r33 along the x1-axis.
Fig. 4. Variation of stress intensity factor KI with h.
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~b00 ¼  t1 tA1 ¼ 
A1
3 4m ; bðx1; x2Þ ¼ b20x
2
1 þ b12x1x2 þ b02x22;
~c00 ¼  t1 tB1 ¼ 
B1
3 4m ; cðx1; x2Þ ¼ c20x
2
1 þ c12x1x2 þ c02x22
ð56Þ
and six coefﬁcients b20; b12; b02; c20; c12; c02 were deﬁned in Eqs. (51)
and (52). We recall that these stresses vanish outside the domain of
the inclusion.
The derivatives of the governing potential functions g;3 and h;3
can be found by substitution of (55) in (43) and computation of
the integrals involved which looks formidable and tedious. Never-
theless, it will be shown below that the normal stressesFig. 5. Distribution of shear thermal stress jr31j over the inclusion surface.rðhÞ33 ðx1; x2;0Þ can be determined in elementary functions. Indeed,
from relations (43) it follows that
ðg;31 þ h;32Þjx3¼0 ¼
1 t
2pl
ZZ
S
rðhÞ31 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q
2
64
3
75
;1
8><
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þ
ZZ
S
rðhÞ32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q
2
64
3
75
;2
9>=
>; ð57Þ
Bearing (24) in mind, the normal stress on the plane x3 ¼ 0 is given
as
rðhÞ33 ðx1; x2;0Þ ¼
1
4p
1 2m
1 m ðF ;1 þ G;2Þ ð58ÞFig. 6. Distribution of shear thermal stress jr32j over the inclusion surface.
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Fðx1; x2Þ ¼
ZZ
S
rðhÞ31 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q ; Gðx1; x2Þ
¼
ZZ
S
rðhÞ32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q
2
64
3
75 ð59Þ
Computed values of the above functions and their appropriate
derivatives can be found in the Appendix. The following expressions
for the thermal normal stresses were obtained:
- for ðx1 ¼ r cos h; x2 ¼ r sin hÞ 2 S , i.e. 0 6 r 6 a ; 0 6 h 6 2p (see
also (24) and (29))rðhÞ33 ðr; hÞ ¼
4ð1 2mÞlaq0r cosðh /Þ
ð3 4mÞk  P0ðr; hÞ ð60ÞFig. 7. Variation of stress singu
Fig. 8. Variation of stress singu- for ðx1 ¼ r cos h; x2 ¼ r sin hÞ 2 R2  S , i.e. u  ar < 1;0 6 h 6 2/larity co
larity corðhÞ33 ðr; hÞ ¼
2
p
P0ðr; hÞ sin1 u P1ðr; hÞ uﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u2
p
 P2ðr; hÞu
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u2
p
ð61Þin which P1ðr; hÞ and P2ðr; hÞ stand forP1ðr; hÞ ¼ ð1 2mÞlaq0r½27 24mþ ð5 8mÞu
2 cosðh /Þ
6pð1 mÞð3 4mÞk
ð62Þ
P2ðr; hÞ ¼ ð1 2mÞlaq0rð21 24mÞ cosðh /Þ6pð1 mÞð3 4mÞk ð63ÞWithout loss of generality, we can further assume in the consid-
ered case of circularly shaped inclusion that the angle / ¼ 0 (thenefﬁcient SII with h.
efﬁcient SIII with h.
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problem for any value of the angle / can be obtained from the solu-
tion for / ¼ 0 by the rotation of the coordinate system around the
axis Ox3.
The ﬁnal results in the polar coordinate system ðr; hÞ become
- for the temperatureTðx1; x2; x3Þ ¼ a1x1 þ a2x2 ¼ q0k r cos h ð64Þ- for the shear stresses on the disc Sþ: 0 6 r < a;0 6 h < 2p (see
(55), (56), (51), (52))r31ðr;h;0þÞ¼ 8laq03pð34mÞk
a2þr2ð54mÞcos2hr2ð24mÞsin2h
h i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p
r32ðr;h;0þÞ¼8laq0ð78mÞ3pð34mÞk
r2 coshsinhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p
ð65Þ
- for the normal stresses on the inclusion plane x3 ¼ 0 (see (60)–
(63) with / ¼ 0)r33ðr;h;0Þ¼
P0ðr;hÞ r6a
2
pP0ðr;hÞsin1 ara P1ðr;hÞﬃﬃﬃﬃﬃﬃﬃﬃﬃr2a2p aP2ðr;hÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃr2a2p r2 r>a
(
ð66ÞClassical inverse square root singularities are observed in the
normal stress exterior to the disc ðr ¼ aþÞ and in the shear stresses
at all points on the edge of the disc ðr ¼ aÞ. From formulas (65)
and (66), it follows that either the solid fractures near the anticrack
or the mechanism of shear fracture acts. Hence, in view of linear
fracture mechanics two failure mechanisms are possible:
- mode I deformation characterized by the stress intensity factor
(see Eq. (66))KIðhÞ ¼ lim
r!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðr  aÞ
p
r33ðr; h;0Þ
¼ 16a
ﬃﬃﬃ
a
p ð1 2mÞlaq0
3
ﬃﬃﬃ
p
p ð3 4mÞk cos h ð67Þ- separation (detachment) of the surrounding matrix material
from the inclusion surface described by the stress singularity
coefﬁcients (see Eqs. (65))SII ðhÞ¼ limr!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða rÞ
p
½r31ðr;h;0Þcoshþr32ðr;h;0Þsinh
¼32a
ﬃﬃﬃ
a
p ð1mÞlaq0
3
ﬃﬃﬃ
p
p ð34mÞk cosh
SIIIðhÞ¼ limr!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða rÞ
p
½r31ðr;h;0Þsinhr32ðr;h;0Þcosh
¼8a
ﬃﬃﬃ
a
p
laq0
3
ﬃﬃﬃ
p
p
k
sinh
ð68Þ
The above parameters characterizing the intensiﬁcation of the local
thermal stresses are important in the sense that they can be used
in conjunction with some suitable criteria to determine the condi-
tions at which failure is expected to occur (Kassir and Sih, 1968;
Rahman, 2002).
Finally, the obtained analytical results are illustrated for the
following dimensionless parameters: xi ¼ xi=a; rij ¼ rij klaq0a,
ðKI; SII; SIIIÞ ¼ ðKI; SII; SIIIÞ klaq0a and by setting Poisson’s ratio m ¼ 0;3.
In Fig. 2, we display the distribution of the normal stresses r33
in the inclusion plane. The symmetry of the problem with respectto the axis perpendicular to the direction of the heat ﬂux is easily
seen. In front of the inclusion one can observe the compression
zone while behind it there is the tensile zone with the same mag-
nitude of stresses but opposite sign. The behavior of these stresses
along the x1-axis is presented in Fig. 3. The corresponding stress
intensity factor KI is shown in Fig. 4. As we can see, the extreme
values are attained at the opposite points corresponding to
h ¼ 0; h ¼ /.
In turn, distributions of shear stresses jr31j and jr32j on
the inclusion are depicted in Fig. 5, 6, and the stress singularity
coefﬁcients SII; SIII associated with these stresses are presented in
Fig. 7, 8.4. Conclusions
This paper is devoted to the 3-D thermoelastic problem where
an elastic space is under uniform heat ﬂow far from a rigid heat-
insulated inclusion (anticrack) and directed along the inclusion
plane. The formulation and the method of solving the general
problem for an arbitrary shaped inclusion have been presented.
The governing coupled two-dimensional singular integral equa-
tions are derived, which bear the same structures to those re-
ported in literature for anticrack problems under mechanical
loads. The problem for a rigid circularly shaped inclusion is solved
explicitly. To analyze the mechanics of fracture initiation near the
edge of the anticrack under the environment of considered heat
ﬂow, thermal stresses in the plane of the inclusion are discussed
and presented graphically. Two major mechanisms controlling the
material failure near the inclusion front are observed: fracture
characterized by the SIF KI and exfoliation of the material from
the inclusion characterized by the shear stress singularity coefﬁ-
cients SII; SIII.Appendix A
The object of this Appendix is to give a brief exposition of
potential functions from which explicit expressions for the ﬁeld
of thermal stresses can be found. Some potentials are extracted
from the solutions of contact problems considered by Fabrikant
(1989) and Hanson (1994) while the others are derived here.
The following Fabrikant’s notations are used in the text to
follow:
l1  l1ða; r; x3Þ ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr þ aÞ2 þ ðx3Þ2
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  aÞ2 þ ðx3Þ2
q 
l2  l2ða; r; x3Þ ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr þ aÞ2 þ ðx3Þ2
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  aÞ2 þ ðx3Þ2
q  ðA1Þ
The potential functions needed here are:
I0ðxÞ ¼ 1p2
ZZ
S
dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2 þ x23
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
qr
¼ 2
p
arcsin
a
l2
; ðA2Þ
IaðxÞ ¼ 1p2
ZZ
S
gadg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2 þ x23
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
qr
¼ 1
p
xa arcsin
a
l2

a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22  a2
q
l22
2
4
3
5; a ¼ 1;2 ðA3Þ
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UaðxÞ¼ 1p2
Z Z
S
ga
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1g1Þ2þðx2g2Þ2þx23
q
dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2g21g22
q
¼ 1
8p
xa ½r2þ4x234a2arcsin
a
l2
½2l21þ4l223r2
l1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 l21
q
r2
8<
:
9=
;; a¼1;2
ðA4Þ
Hence, we obtain
JaðxÞ ¼
1
p2
ZZ
S
g2adg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2 þ x23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q
¼ xaIaðxÞ  @UaðxÞ
@xa
; a ¼ 1 or 2; ðA5Þ
J12ðxÞ ¼
1
p2
ZZ
S
g1g2dg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2 þ x23
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  g21  g22
q
¼ x2I1ðxÞ  @U1ðxÞ
@x2
¼ x1I2ðxÞ  @U2ðxÞ
@x1
ðA6Þ
Expressions for the main potential functions simplify for x3 ¼ 0
and have the forms
I0ðx1; x2Þ ¼
1 r 6 a
2f ðrÞ r > a
	
; ðA7Þ
Iaðx1; x2Þ ¼
1
2 xa r 6 a
xa f ðrÞ  gðrÞ½  r > a;
(
a ¼ 1;2; ðA8Þ
Jaðx1; x2Þ ¼
1
16 ½4a2 þ 5x21  x22; a ¼ 1;
1
16 ½4a2  x21 þ 5x22; a ¼ 2
(
for r 6 a;
Jaðx1; x2Þ ¼ f ðrÞ
3
4
x2a 
1
8
r2 þ 1
2
a2
 
þ gðrÞ 3
4
x2a þ
1
8
r2 þ 1
4
a2  1
2
x2au
2
 
;
a ¼ 1 or 2; for r > a; ðA9Þ
J12ðx1; x2Þ ¼
3
8 x1x2 r 6 a
x1x2 34 f ðrÞ  gðrÞ 34þ 12u2

  
r > a;
(
ðA10Þ
where the functions f ðrÞ and gðrÞ are deﬁned as
f ðrÞ ¼ 1
p
arcsinu; gðrÞ ¼ 1
p
u
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u2
p
; 0 6 u  a
r
< 1 ðA11Þ
The following integrals are to be computed:
Fðx1; x2Þ ¼
ZZ
S
rðhÞ31 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q ; Gðx1; x2Þ
¼
ZZ
S
rðhÞ32 ðg1;g2Þdg1dg2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  g1Þ2 þ ðx2  g2Þ2
q ðA12Þ
The substitution of (55) in (A12) leads to a linear combination of
integrals given by (A7)–(A10). The result is
Fðx1; x2Þ ¼
1
2Bðx1; x2Þ r 6 a
f ðrÞBðx1; x2Þ þ gðrÞ~Bðx1; x2Þ  gðrÞ a22r2 bðx1; x2Þ r > a
(
ðA13Þ
Gðx1; x2Þ ¼
1
2Cðx1; x2Þ r 6 a
f ðrÞCðx1; x2Þ þ gðrÞ~Cðx1; x2Þ  gðrÞ a22r2 cðx1; x2Þ r > a
(
ðA14Þwhere
Bðx1; x2Þ ¼ B00a2 þ B1x21 þ B2x22 þ B12x1x2
Cðx1; x2Þ ¼ C00a2 þ C1x21 þ C2x22 þ C12x1x2
~Bðx1; x2Þ ¼ ~B00a2  B1x21  B2x22  B12x1x2
~Cðx1; x2Þ ¼ ~C00a2  C1x21  C2x22  C12x1x2
ðA15Þ
with the coefﬁcients expressed by Eq. (51) as
B00 ¼ 12 b00; B1 ¼
1
8
ð5b20  b02Þ; B2 ¼ 18 ðb20 þ 5b02Þ;
B12 ¼ 34 b12;
~B00 ¼ 34 b00
C00 ¼ 12 c00; C1 ¼
1
8
ð5c20  c02Þ; C2 ¼ 18 ðc20 þ 5c02Þ;
C12 ¼ 34 c12;
~C00 ¼ 34 c00
ðA16Þ
The normal thermal stresses rðhÞ33 ðx1; x2;0Þ (see (58)) are calcu-
lated by performing appropriate differentiations of the potentials
above. Only the combination F ;1 þ G;2 is needed and the ﬁnal re-
sults are
- for r 6 a; x3 ¼ 0 :F ;1 þ G;2 ¼ 6ð1 mÞ3 4m ðA1x1 þ B1x2Þ ðA17Þ- for r > a; x3 ¼ 0 :F ;1 þ G;2 ¼ A1x1 þ B1x24ð3 4mÞ
 48ð1 mÞf ðrÞ þ ð5 8mÞa
2 þ ð27 24mÞr2
r
f 0ðrÞ

þð21þ 24mÞgðrÞ

ðA18ÞIn the calculations we have taken into account thatf 0ðrÞ ¼  1
pr
uﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 u2
p ; g0ðrÞ ¼ f 0ðrÞ  2gðrÞ
r
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